Abstract. We show that the generating series of Euler characteristics of Hilbert schemes of points on any algebraic surface with at worst Antype singularities is described by the theta series determined by integer valued positive definite quadratic forms and the Dedekind eta function. In particular it is a Fourier development of a meromorphic modular form with possibly half integer weight. The key ingredient is to apply the flop transformation formula of Donaldson-Thomas type invariants counting two dimensional torsion sheaves on 3-folds proved in the author's previous paper.
1. Introduction
Background. For an algebraic variety
1 X, the Hilbert scheme of mpoints Hilb m (X) is defined to be the moduli space of zero dimensional subschemes Z ⊂ X such that the length of O Z equals to m. Its topological Euler characteristic χ(Hilb m (X)) has drawn much attention in connection with string theory. If X is a (possibly singular) curve, then it is related to BPS state counting [PT10] and HOMFLY polynomials for links [OS12] , [Mau] . If X is a non-singular surface, then Hilb m (X) is also non-singular and we have the remarkable formula by Göttsche [G90] (1 − q m ). (2) In particular, the generating series (1) is a Fourier development of a meromorphic modular form of weight −χ(X)/2, which gives evidence of VafaWitten's S-duality conjecture [VW94] in string theory. If X is a smooth 3-fold, then χ(Hilb m (X)) is related to the Donaldson-Thomas (DT) invariants [Tho00] , [MNOP06] and described in terms of MacMahon function [Li06] , [BF08] , [LP09] .
Let S be a singular surface. In this case, χ(Hilb m (S)) seems to be studied in few literatures 2 . Because of the singularities of S, the scheme Hilb m (S) is no longer non-singular and χ(Hilb m (S)) reflects the complexity of the 1
In this paper, all the varieties are defined over C. 2 In [GS] , the weighted Euler characteristics of Hilb m (S) for a K3 surface S with A1-type singularities is studied. The formula in [GS, Example 3 .26] involves Noether-Lefschetz numbers, and is different from ours in Theorem 1.1. singularities of S. The behavior of the invariants χ(Hilb m (S)) is more complicated than the smooth case, and it seems to be difficult to see some good properties of their generating series, e.g. the modularity. Nevertheless we expect that the generating series of χ(Hilb m (S)) has the modularity property as in the smooth case (1). This is motivated by a 3-fold version of the S-duality conjecture, stated as a modularity of the generating series of DT invariants on Calabi-Yau 3-folds counting two dimensional torsion sheaves on them with possibly singular supports. The purpose of this paper is to prove such a modularity for any singular surface S with at worst A n -type singularities, a simplest class of surface singularities. It gives a first definitive result for the modularity of the generating series of χ(Hilb m (S)) for a singular surface S.
Main result.
Recall that an algebraic surface S has an A n -type singularity at p ∈ S if the germ (S, p) is analytically isomorphic to the affine singularity
at the origin. The following is the main result in this paper: Theorem 1.1. Let S be a quasi-projective surface which is smooth except A n i -type singularities p i ∈ S for 1 ≤ i ≤ l. Then we have the following formula:
Here S → S is the minimal resolution, and Θ n (q) is defined by
By an elementary argument, we show that Θ n (q) is a Q-linear combination of the theta series determined by some integer valued positive definite quadratic forms on Z n (cf. Proposition 3.1 and Table 1 for small n). In particular, Θ n (q) is a modular form of weight n/2, and we obtain the following corollary: Corollary 1.2. The generating series (4) is a Fourier development of a meromorphic modular form of weight −χ(S)/2 for some congruence subgroup in SL 2 (Z).
1.3. Outline of the proof. Here is an outline of the arguments: in Section 2, we give a closed formula of the generating series of Euler characteristics of rank one Quot schemes of points on A n−1 in terms of an infinite product. Let D ⊂ A n−1 be the Weill divisor defined by
in the notation of (3). For j ∈ Z, we denote by O A n−1 (jD) the rank one reflexive sheaf associated to the Weil divisor jD. Note that any rank one reflexive sheaf on A n−1 is isomorphic to O A n−1 (jD) for some 0 ≤ j ≤ n − 1. Let
be the Quot scheme which parametrizes the quotients O A n−1 (jD) ։ Q where Q is a zero dimensional coherent sheaf on A n−1 with length m. Note that if j = 0, the scheme (6) coincides with Hilb m (A n−1 ). We will show the following formula in Subsection 2.3:
Here f n (x) is given by
The invariant χ(Hilb m (A n−1 )) is obtained as a coefficient of q m t 0 in the RHS of (7).
Since A n−1 is a toric surface, one may try to prove (7) via torus localization. It turns out that, by localization, the invariant χ(Quot m (O A n−1 (jD))) coincides with the number of n-tuples of Young diagrams satisfying a certain constraint (cf. Lemma 4.1). However we are not able to prove the formula (7) using the above combinatorial description of χ(Quot m (O A n−1 (jD))), nor find it in a literature, e.g. in the book [Sta99] . The formula (7) is obtained by a rather indirect method: it is a by-product of a flop transformation formula of DT type invariants counting two dimensional torsion sheaves on smooth 3-folds, established in the author's previous paper [Tod] . The idea is as follows: let us consider a 3-fold flop φ : X X † between smooth projective 3-folds, and a non-singular divisor S ⊂ X. Then it often happens that the strict transform S † ⊂ X † of S has singularities. We construct such a flop so that S † only has an A n−1 -type singularity. Then the flop formula in [Tod, Theorem 3 .23] compares invariants counting rank one torsion free sheaves on S with those on S † . As the former one is computed by (1), we obtain the formula which computes invariants counting rank one torsion free sheaves on S † . Again using (1) for the smooth part of S † , we obtain a contribution of the invariants from the singular point of S † , which gives the formula (7).
We note that the flop formula in [Tod] relies on Bridgeland's equivalence of derived categories of coherent sheaves under 3-fold flops [Bri02] , and the Hall algebra method which is developed in recent years [JS12] , [KS] , [Tod10] , [Tod13] , [Bri11] , [Cal] . In turn, this indicates that the algebraic geometry involving flops, derived categories and Hall algebras provides an interesting application to a study of enumerative combinatorics. Also it may be worth pointing out that the formula (7) for n = 1 together with (1) show that
The above formula is nothing but Jacobi triple product formula. It is surprising that the above classical result is also proved using 3-fold flops, derived categories, etc.
In Section 3, we prove Theorem 1.1. By a standard argument, the result is reduced to the case of S = A n . In this case, the result follows by working with the formula (7) using Jacobi triple product formula. After that, we show the modularity of the series Θ n (q) by describing Θ n (q) as a Q-linear combination of the theta series determined by integer valued positive definite quadratic forms. In Section 4, as an appendix, we provide a combinatorial description of χ(Quot m (O A n−1 (jD))) in terms of n-tuples of Young diagrams.
The idea in this paper using the flop formula has possibilities to be applied for other surface singularities, but we leave them for a future work.
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2. Euler characteristics of Quot schemes of points on A n−1 2.1. 3-fold flops. This subsection is devoted to a preliminary of the proof of the formula (7). We first fix a 3-fold flop whose exceptional locus has width n in the sense of [Rei] , satisfying some properties.
Lemma 2.1. For each n ≥ 1, there exist smooth projective 3-folds X, X † and a flop diagram
satisfying the following conditions:
• There is a Zariski open neighborhood p ∈ U ⊂ Y which is isomorphic to the affine variety
In particular, the exceptional locus of f, f † are irreducible rational curves C, C † which are contracted to p ∈ Y .
• There is an irreducible smooth divisor S ⊂ X such that S ∩ C is scheme theoretically one point, and 3 S 2 = S 3 = 0.
• The strict transform S † ⊂ X † of S contains C † , has a A n−1 -type singularity at a point o ∈ S † , and S † \ {o} is smooth.
Proof. We take Y to be a projective compactification of the affine variety (10) which is smooth outside 0 ∈ C 4 . We take a flop diagram (9) by blowing up at the Weil divisors on Y , given by the closures of the subschemes
respectively. By the construction, there exists a divisor T ⊂ X with T ∩ C scheme theoretically one point. Let H Y be a sufficiently ample divisor on Y . Then T + f * H Y is ample and globally generated by the base point free theorem. Let
be general members. We replace X, X † , Y by blow-ups at T 1 ∩ T 2 which is smooth and lies outside C, C † , p respectively. Then by setting S to be the connected component of the strict transform of T 1 which intersects with C, we obtain a diagram (9) satisfying the first and the second conditions. The last statement can be directly checked by describing the birational map φ on each affine charts of crepant resolutions of (10). An alternative geometric argument is as follows: by [Rei] , the birational map φ is given by the Pagoda diagram,
Here f i , f † i for 1 ≤ i ≤ n − 1 are blow-ups at (0, −2)-curves, and f n , f † n are blow-ups at (−1, −1)-curves. Hence the birational map S S † decomposes into
Here each g i : S i → S i−1 is a blow-up at a point in Ex(g i−1 )\g
), where g −1 i−1 * is the strict transform. The exceptional locus of S n → S is a A n−1 -configuration of (−2)-curves together with a tail of a (−1)-curve, given by Ex(g n ). The birational morphism S n → S † contracts the above A n−1 -configuration of (−2)-curves on S n to a A n−1 -singularity o ∈ S † , and the image of the tail Ex(g n ) coincides with C † .
In what follows, we fix a flop diagram (9). We next describe rank one torsion free sheaves on S and S † :
Lemma 2.2. (i) An object E ∈ Coh(S) is a rank one torsion free sheaf with trivial determinant on S \ C if and only if E is an ideal sheaf I Z for some zero dimensional subscheme Z ⊂ S.
(ii) An object E ∈ Coh(S † ) is a rank one torsion free sheaf if and only if it fits into the exact sequence
where L is a rank one reflexive sheaf on S † , Q is a zero dimensional sheaf on S † . Moreover E has a trivial determinant on S † \ C † if and only if L is of the form O S † (jC † ) for some j ∈ Z.
Proof. The result follows from a well-known argument. As for (ii), let E ∈ Coh(S † ) be a rank one torsion free sheaf. We have the exact sequence in Coh(S † )
Since S † is normal, Q is a zero dimensional sheaf. By setting L = E ∨∨ , we obtain the exact sequence (12). Conversely if E fits into (12), then obviously E is a rank one torsion free sheaf. The last assertion is also obvious.
2.2. Application of the flop formula. Let us consider a flop diagram (9). We denote by i, i † the closed embeddings S ⊂ X, S † ⊂ X † respectively, and fix an ample divisor ω on Y . The flop transformation formula of DT type invariants in [Tod] compares invariants counting f * ω-semistable torsion sheaves on X supported on S with those counting f † * ω-semistable torsion sheaves on X † supported on S † . For β ∈ H 2 (X) and γ ∈ Q, let M β,γ (S) be the moduli space of rank one torsion free sheaves E on S such that the Mukai vector of i * E satisfies
Here we have identified H 4 (X), H 6 (X) with H 2 (X), Q by the Poincaré duality. We note that the f * ω-semistable sheaves on X supported S with Mukai vector (0, S, −β, −γ) coincide with the sheaves i * E for [E] ∈ M β,γ (S). The similar statement also holds for f † * ω-semistable sheaves on X † supported on S † . Therefore in this situation, the flop formula in [Tod, Theorem 3.23 (ii)] is described as
Here f n (x) is the polynomial (8). The formula (14) also holds after replacing
(Indeed in the proof of [Tod, Theorem 3.23], it is enough to notice that E ∈ p B µ,S f * ω has a trivial determinant on S \ C if and only the same holds for F 2 ∈ C µ,S f * ω .) By Lemma 2.2 (i), the objects which contribute to χ(M ′ β,γ (S)) are of the form
where Z is a zero dimensional subscheme and I Z is the ideal sheaf of Z. Also by Lemma 2.2 (ii), the objects which contribute to χ(M ′
where Q is a zero dimensional sheaf on S † . We need to compute the Mukai vectors of the push-forward of (15), (16) to X, X † . As for (15), it is easily computed as 0, S, c 1 (X) 4 S, c 1 (X) 2 96 S + c 2 (X) 24 S − |Z| using the condition S 2 = S 3 = 0 in Lemma 2.1, the resolution
As for (16), it requires some more arguments:
Proof. We first recall Bridgeland's perverse coherent sheaves [Bri02] (also see [Tod, Subsection 2.2]) defined by
Here Coh 0 (Y ) is the category of zero dimensional sheaves on Y . We set −1 T and −1 F to be
Then by [dB04] , ( −1 T , −1 F ) forms a torsion pair of the category On the other hand since S 2 = 0, a local computation easily shows that
which shows χ(O nC † ) = −S †3 . Since S †3 = nC † · S † = −n, we obtain χ(O nC † ) = n. Hence the above argument shows that O nC † is a n-step extensions of O C † . Let O nC † ։ T k be a surjection such that T k is a kstep extensions of O C † . Then T k is a structure sheaf of a pure one dimensional subscheme kC ′ † ⊂ S † with fundamental cycle k[C † ]. Since this is a characterizing property of kC † , we have kC † = kC ′ † . Therefore we have O kC † ∼ = T k , and χ(O kC † ) = k holds.
The above computation shows that
Together with Lemma 2.3 and (17), a little computation shows that the Mukai vector of i † * of (16) is computed as
Proof of the formula (7).
Proof. For a variety X and L ∈ Coh(X), we denote by Quot m (L) the Quot scheme which parametrizes the zero dimensional quotients
Also for p ∈ X, we denote by
the subscheme consisting of quotients (18) such that Q is supported on p.
By (14) and the arguments in the previous subsection, we obtain
Here we have used that
since c 1 (X) and c 1 (X † ) are pull-backs from divisor classes on Y . We simplify both sides of the above equation. Since S †2 = nC † , we have the isomorphism
Hence the Euler characteristics of both sides coincide. Also note that the Weil divisor D ⊂ A n−1 corresponds to C † ⊂ S † under a local isomorphism between 0 ∈ A n−1 and o ∈ S † . Hence we have an isomorphism
We also have the stratification
Combined these, we have the following equalities:
Here the first equality follows from (20), the second equality follows from Göttsche formula (1), χ(S † \ {o}) = χ(S) and (19), and the last equality follows from the torus localization on A n−1 . Also an easy computation (cf. [Tod, Lemma 2.8, Proposition 2.9]) shows that
Summing up, we arrive at the formula:
By replacing k by −k, we obtain the desired formula (7).
The following is an obvious corollary of the formula (7):
Corollary 2.4. We have the following formula:
Here Coeff t 0 ( * ) means that taking the t 0 coefficient of the formal series * with variables q, t, and f n (x) is given by (8).
3. Proof of the main result 3.1. Proof of Theorem 1.1.
Proof. In what follows, we set
We have the decomposition
Therefore the RHS of (21) coincides with the t 0 -coefficient of
Using the Jacobi triple product formula
the product (22) is written as
The t 0 -coefficient of the above product becomes
The right sum coincides with Θ n (q) defined by (5). Therefore we obtain
For a variety X and p ∈ X, we denote by Hilb m p (X) the subscheme of Hilb m (X) corresponding to the zero dimensional subschemes Z ⊂ X with Supp(Z) = {p}. Let S be an algebraic surface as in Theorem 1.1. We have the stratification
Here S o ⊂ S is the smooth part of S. Noting that p i is an A n i -type singularity, the torus localization on A n i shows that
Combined with (1) and (23), we obtain the formula:
For the minimal resolution S → S, we have
Combined with the definition of η(q) in (2), we obtain the desired formula (4).
3.2. Modularity of Θ n (q). In order to conclude Corollary 1.2, we need to check the modularity of Θ n (q). Indeed, we show that Θ n (q) is a Q-linear combination of the theta series determined by integer valued positive definite quadratic forms on Z n . For a positive definite quadratic form
It is well-known that Θ Q (q) is a modular form of weight n/2 for some congruence subgroup in SL 2 (Z) (cf. [BvdGHZ07, Section 3.2]).
Proposition 3.1. The series Θ n (q) is a Q-linear combination of the theta series determined by integer valued positive definite quadratic forms on Z n , i.e. there exist N ≥ 1, a i ∈ Q and integer valued positive definite quadratic forms Q i on Z n for 1 ≤ i ≤ N such that Θ n (q) is written as
The result of Corollary 1.2 follows from Theorem 1.1 together with the above proposition. In order to prove Proposition 3.1, we note the following:
• By the base change of Z n given by
for some integer valued positive definite quadratic form Q on Z n .
• The series Θ n (q) is invariant after replacing ξ n+2 by g(ξ n+2 ) for any element g ∈ Gal(Q(ξ n+2 )/Q). This follows since the product expansion (22) also holds after replacing ξ n+2 by g(ξ n+2 ). Therefore the result of Proposition 3.1 follows from the following proposition: Proposition 3.2. Let n, m be the positive integers, and Q an integer valued positive definite quadratic form on Z n . Suppose that the series
is invariant after replacing ξ m by g(ξ m ) for any g ∈ Gal(Q(ξ m )/Q). Then Θ Q,m (q) is a Q-linear combination of the theta series determined by integer valued positive definite quadratic forms on Z n .
The rest of this section is devoted to proving Proposition 3.2.
3.3. K-group of subsets of Z n . In what follows, we fix the notation in Proposition 3.2. We define the K-group of the subsets in Z n to be
Here the relation ∼ is generated by
is well-defined as it respects the relation (24). Let
be the set of divisors of m. We define the following subsets:
Proof. We prove the claim by the induction on i. For i = l, we have S l = T l , and the statement is obvious. Suppose that the claim holds for [S j ] with j > i. We have S i ⊂ T i and the complement is the disjoint union of S j with j > i, m i |m j . Therefore we obtain
By the induction, the claim also holds for [S i ].
Lemma 3.4. Both of Θ Q,T i (q), Θ Q,S i (q) are Z-linear combinations of the theta series determined by integer valued positive definite quadratic forms on Z n .
Proof. The claim for Θ Q,T i (q) is obvious since
The claim for Θ Q,S i (q) follows from the claim for Θ Q,T i (q), Lemma 3.3 and the fact that (25) is well-defined.
3.4. Proof of Proposition 3.2.
Proof. Let ϕ(m) be the Euler function given by the order of Gal(Q(ξ m )/Q) = (Z/mZ)
Now the value
is an integer and independent of k 1 ∈ Z with g.c.d
Therefore the result follows from Lemma 3.4.
4. Appendix: Combinatorics on Quot schemes of points on A n−1
In this appendix, we describe χ(Quot m (O A n−1 (jD))) in terms of certain combinatorial data on Young diagrams. In what follows, we regard a Young diagram as a subset in Z 2 ≥0 in the usual way, say:
Recall that there is a one to one correspondence between the set of ideals I ⊂ C[x, y] generated by monomials and that of Young diagrams, by assigning I with the Young diagram Y I :
For a Young diagram Y , we introduce the following notation: Conversely suppose that we have a sequence of ideals (30) in C[x, y] satisfying (31) and (29) for I k = I ′ k · (x) with 0 ≤ k ≤ j − 1. Then we obtain an ideal I ⊂ O A n−1 by setting (28), which gives a point in Quot m (O A n−1 (−jD)). Note that T = (C * ) ×2 acts on A n−1 via (t 1 , t 2 ) · (x, y, z) = (t n 1 x, t n 2 y, t 1 t 2 z), and the ideal (28) 
